Majorana Fermions and Multiple Topological Phase Transition in Kitaev
  Ladder Topological Superconductors by Wakatsuki, Ryohei et al.
ar
X
iv
:1
40
1.
51
92
v4
  [
co
nd
-m
at.
su
pr
-co
n]
  2
3 M
ay
 20
14
Majorana Fermions and Multiple Topological Phase Transition
in Kitaev Ladder Topological Superconductors
Ryohei Wakatsuki1, Motohiko Ezawa1 and Naoto Nagaosa1,2
1Department of Applied Physics, University of Tokyo, Hongo 7-3-1, 113-8656, Japan and
2Center for Emergent Matter Science (CEMS), ASI, RIKEN, Wako 351-0198, Japan
Motivated by the InSb nanowire superconductor system, we investigate a system where one-dimensional
topological superconductors are placed in parallel. It would be simulated well by a ladder of the Kitaev chains.
The system undergoes multiple topological phase transitions, where the number of Majorana fermions changes
as a function of the interchain superconducting pairings. We analytically determine the topological phase dia-
gram by explicitly calculating the topological number and the band structure. They show even-odd effects with
respect to the number of legs of the ladder. When the relative phase between the inter- and intrachain super-
conducting pairings is 0 or pi, the system belongs to the class BDI characterized by the Z index, and otherwise
it belongs to the class D characterized by the Z2 index. This topological class change would be caused by
applying the Josephson current or an external magnetic field, and could be observed by measuring the zero-bias
differential conductance.
I. INTRODUCTION
The Majorana fermion is one of the hottest topics in con-
densed matter physics1–3. Majorana fermions are particles
which are their own antiparticles. Because of their nonlo-
cality and non-Abelian statistics, they are considered to re-
alize exotic phenomena and there are possibilities to encode
fault tolerant topological quantum computations. There are
several suggestions for physical systems that support Majo-
rana zero-energy states (MZES)4–10. The Kitaev model is the
simplest model that realizes the MZES11. It well describes
a one-dimensional nanowire with strong Rashba spin-orbit
interaction5,6. There are generalizations of the Kitaev model
by several authors12–21.
Thin films and multichannel nanowires with p + ip-wave
superconducting pairing have been investigated12–21. In the
quasi-one-dimensional p + ip-wave pairing system, one pair
of Majorana fermions appears if an odd number of subbands
are filled. This is because the class of the system is D, and
is characterized by the Z2 index. Recently, it was pointed
out22 that the realistic spin-orbit nanowire system approxi-
mately possesses chiral symmetry and the system belongs to
the BDI class, where the number of MZES can have arbitrary
integer values.
To realize the Kitaev model, there is a proposal to use a
nanowire which has a strong spin-orbit interaction (SOI) with
an ordinary s-wave superconductor and the Zeeman field. Be-
cause of the strong SOI, the system becomes a helical state,
in which the electron spin and the momentum correspond one
to one. The magnetic field perpendicular to the spin-orbit ef-
fective magnetic field breaks the time-reversal symmetry and
opens a gap at k = 0. Then, the system effectively becomes
spinless when the Fermi energy is within this energy gap. Fur-
thermore, the s-wave superconductor proximity is induced in
the nanowire generates p-wave pairings. A most promising
candidate for a strong SOI nanowire is that of InSb, which
has a large SOI (∆SOI = 0.3meV), a large electron g factor
(|g| ∼ 50), and a small effective mass (m∗ = 0.015me). Re-
cently, the signature of zero-energy bound states was observed
in the system using InSb or InAs nanowire23–26. However,
FIG. 1: (Color online) Illustration of a ladder topological supercon-
ductor. It is decomposed into the superconducting region (purple)
and the lead (blue). The purple region is the ladder topological su-
perconductor. Thick lines indicate the chains, while the thin lines
indicate the interchain couplings. L is the number of sites along the
chains, while N is the number of the Kitaev chains. The blue region
is the normal lead, which is attached when we calculate the differen-
tial conductance of the NS junction.
experimental results are still controversial because there are
many possible reasons for the zero-bias anomaly, such as the
Kondo effect, disorder, or tunneling via Andreev bound states,
which do not originate in Majorana fermions.27–30
In this paper, motivated by the InSb nanowire system, we
investigate a system where one-dimensional topological su-
perconductors are placed in parallel, where the superconduct-
ing pairing phase can be changed arbitrarily. The system
would well be simulated by the ladder of topological super-
conductors shown in Fig. 1. This model belongs to the class
BDI or D, depending on the phase of the interchain pairing.
We first analyze the system where the interchain supercon-
ducting coupling is absent. The system belongs to the class
BDI, where the topological number is characterized by the Z
index. We find that the number of the MZES changes from N
to 0 by changing the magnitude of the interlayer hopping. We
determine the topological phase diagram by calculating the Z
index, which is a topological number of the system. Next we
introduce the interchain superconducting pairings. When the
relative phase between the inter- and intrachain superconduct-
ing pairings is 0 or pi, the system belongs to the class BDI
and is characterized by the Z index. Otherwise, the system
becomes class D and is characterized by the Z2 index: The
2number of the MZES changes alternately between 0 and 1
due to the level repulsion by the interchain superconducting
pairings.
The rest of the paper is organized as follows. In Sec .II we
introduce the model and discuss the relationship between our
model and the Kitaev model. We also discuss the symmetry
and the topological classification of the Hamiltonian. In Secs
.III and IV, we study the model without and with interchain
superconducting pairing. We calculate the Z and Z2 indices
and determine the phase diagram. We also discuss the en-
ergy spectrum. In Sec. V we derive the lowenergy effective
Hamiltonian written in terms of Majorana operators and dis-
cuss its low energy behavior. In Sec. VI, examining the trans-
port property of the model, we study how the conductance
depends on the phase difference between intra- and interchain
superconducting pairings.
II. KITAEV LADDER MODEL
Majorana fermions emerge at the edges of an InSb
nanowire in the presence of the superconducting order and the
external magnetic field perpendicular to it. It is well described
by the Kitaev chain11, where a one-dimensional p-wave topo-
logical superconductivity is realized. A natural question is
what happens when we place several InSb nanowires in paral-
lel on or under the s-wave superconductor. This setup will be
easily realized using recent nanofabrication technology.
To simulate this system, we propose to investigate the
Hamiltonian describing a ladder of the Kitaev chains,
H =− µ
∑
i,j
c†i,jci,j
−
∑
i,j
(txc
†
i,jci+1,j + tyc
†
i,jci,j+1 + H.c.)
−
∑
i,j
(dxc
†
i,jc
†
i+1,j + dyc
†
i,jc
†
i,j+1 + H.c.), (1)
where i and j are the lattice coordinates for the x and y axes.
The intrachain transfer integral tx and the intrachain super-
conducting pairing amplitude dx are present in the Kitaev
model, while we have newly introduced the effective inter-
chain transfer integral ty and the superconducting pairing am-
plitude dy .
Physically, ty and dy will be derived by the couplings be-
tween the InSb nanowires via the substrate superconductor by
the second-order process. The superconducting pairing phase
may be controlled by a superconducting quantum interference
devide (SQUID) configuration. The controllable phase differ-
ence between dx and dy is the new feature compared with the
p + ip-wave pairing system. We shall soon see that this su-
perconducting pairing phase difference causes the topological
class change between BDI and D.
There is an important comment on the coefficients dx and
dy . By making a phase transformation of ci,j , we can change
the overall phase of the superconducting pairings. Namely,
the phase difference between dx and dy is physical, but the
absolute phases of dx and dy are meaningless. Without loss
of generality we may assume that dx is real in the effective
Hamiltonian, while dy is complex in general. We define θ as
the phase of dy , i.e., dy = |dy|eiθ .
The energy spectrum is symmetric around zero energy due
to the particle-hole symmetry induced by the superconductiv-
ity. There are N legs in the ladder (Fig. 1). We refer to L
as the number of sites along the ladder. We note that the sys-
tem is reduced to the Kitaev chain when N = 1. If the phase
difference between dx and dy is pi/2 and L ≈ N , it is an
anisotropic p+ ip superconductor system. We analyze mainly
the small-N region.
We clarify the topological class31 of the Hamiltonian (1).
In the momentum representation, the Bogoliubov–de Gennes
Hamiltonian is given by
H(k) =
(
ξ ∆
∆† −ξ
)
, (2)
where ξ and ∆ are N×N tridiagonal matrices with the matrix
elements
ξi,j = (−µ− 2tx cos k) δi,j − tyδi,j+1 − tyδi+1,j , (3)
∆i,j = 2idx sin kδi,j + dyδi,j+1 − dyδi+1,j , (4)
where k is the crystal momentum along the chain direction,
i.e., the x axis.
The explicit representations of the time reversal (Θ), the
particle-hole reversal (Ξ), and the chiral (Π) operator are de-
fined by
Θ = K, Ξ = τxK, Π = τx, (5)
where K represents the complex conjugate operator. We can
show the Hamiltonian satisfies the relation
ΞH(k)Ξ−1 = −H(−k), (6)
ΠH(k)Π−1 = −H(k). (7)
When Imdy = 0, the Hamiltonian satisfies the relation
ΘH(k)Θ−1 = H(−k). (8)
It is easily seen that Θ2 = Π2 = Ξ2 = 1. Then, the Hamil-
tonian belongs to the class BDI, which is characterized by
the Z index. On the other hand, when Imdy 6= 0, the time-
reversal symmetry is broken, and the class changes to the class
D where only Ξ symmetry is present, being characterized by
the Z2 index.
It is convenient to use the Majorana representation, which
is constructed with use of the unitary transformation,
U =
1√
2
(
I iI
I −iI
)
, (9)
where I is the unit matrix. It transforms Dirac fermions into
Majorana fermions,
c†i,j =
γAi,j + iγ
B
i,j
2
, ci,j =
γAi,j − iγBi,j
2
, (10)
3obeying
{
γαi,j , γ
α′
i′,j′
}
= δi,i′δj,j′δα,α′ . The unitary trans-
formed Hamiltonian is given by
U †HU =
1
2
(
∆+∆† 2iξ − i (∆−∆†)
−2iξ − i (∆−∆†) − (∆+∆†)
)
.
(11)
Our analysis is carried on based on this Majorana representa-
tion of the Hamiltonian.
III. TOPOLOGICAL PHASE DIAGRAM WITHOUT
INTERCHAIN SUPERCONDUCTING PAIRINGS
We first investigate the case of dy = 0 for simplicity. The
transformed Hamiltonian is written as
U †HU = i
(
0 v
−vT 0
)
, (12)
which has only off-diagonal elements, with
v = ξ − 1
2
(
∆−∆†)
= (−µ− 2tx cos k − 2idx sin k) I− tyM, (13)
where M represents a tridiagonal matrix which only has ele-
ments 1 at (n, n + 1) and (n + 1, n). It is straightforward to
diagonalize the matrix v. As we see at the end of this section,
the eigenvalues are
zn = −µ− 2ty cos npi
N + 1
− 2tx cos k − 2idx sin k, (14)
while the eigenfunctions are
Ψn =
√
2
N + 1
sin
nmpi
N + 1
(n = 1, 2, · · · , N), (15)
where m represents the position (m = 1, 2, · · · , N ).
The Z index W is defined by the chiral index
W ≡
∫
dk
2pii
∂k ln det v (k)
= tr
∫
dk
2pii
∂k ln v (k) =
∑
n
∫
dk
2pii
∂k ln zn (k), (16)
where zn are the eigenvalues of v. It describes the sum of the
winding numbers of v(k) around the origin of the complex
plane. The Z index is calculable by substituting (14) into (16).
We investigate the topological phase diagram in the (ty, µ)
plane. The phase boundaries are determined by detv = 0. It
follows from (14) that they are given by
− µ− 2ty cos npi
N + 1
= ±2tx. (17)
The topological phase diagram is illustrated in Fig. 2. We see
the following characteristic features: The Z index is W = N
at (ty, µ) = (0, 0). Along the µ axis with ty = 0, the topo-
logical phase transition occurs from W = N to W = 0 at
µ = ±2tx irrespective of the number N of the legs. On the
FIG. 2: (Color online) Phase diagrams of the four-leg and five-leg
ladders. The energy unit is tx, and we have taken dx = 0.5. The
numbers in the figure represent the Z index. The Z2 index is the
parity of the number.
other hand, along the ty axis with µ = 0, multiple topological
phase transitions occur: The band gap closes at ty = ± 2txzn ,
and the Z index is 0 for even N and 1 for odd N for suffi-
ciently large ty .
We show the energy spectrum of the ladder of chains as a
function of ty for N = 4, 5 in Fig. 3. We find that the Z
index gives the number of MZES. The wave functions of all
the MZES are localized at the edges.
The above behaviors can be understood as follows. The
system is equivalent to N independent Kitaev chains with the
renormalized chemical potential:
H =
N∑
n=1
Hn, (18)
Hn = −µ′n
∑
i
c†i,nci,n
−
∑
i
(
txc
†
i,nci+1,n + dxc
†
i,nc
†
i+1,n + H.c.
)
, (19)
µ′n = µ+ 2ty cos
n
N + 1
pi. (20)
Each renormalized Kitaev chain has MZES when |µ′n| <
2|tx|. The total number of the MZES is given by the sum
of the renormalized Kitaev chains.
For the sake of completeness we show how to derive the
eigenvalues (14). The eigenvalues zn can be obtained by solv-
ing the characteristic equation for tyM,
fN(x) = det (xI− tyM) = 0. (21)
4FIG. 3: (Color online) Energy spectra of an N = 4, 5 ladder with
dy = 0. The energy unit is tx, and we have taken µ = 0.7, dx = 0.5.
The number of zero-energy states decreases by 2 at every phase tran-
sition as ty increases, since each zero-energy state per chain doubly
degenerates due to the two end points of the chain. In the strong cou-
pling limit ty → ∞, there is no (one) MZES per each edge in case
of N = 4(5). We have set L = 64.
To solve this we write down the recurrence relation of the
characteristic equation,
fN+2(x) = xfN+1(x)− t2yfN (x), (22)
from which it follows that
fN(x) = t
N
y UN
(
x
2ty
)
=
[N/2]∑
n=0
(−1)n
(
N − n
n
)
t2ny x
N−2n
(23)
with Chebyshev polynomials of the second kind. We now
solve the eigenequation as
xn = 2ty cos
npi
N + 1
(n = 1, 2, · · · , N), (24)
from which we find the eigenvalues (14) and the eigenfunc-
tions (15) because zn is constant minus xn.
IV. TOPOLOGICAL PHASE DIAGRAM WITH
INTERCHAIN SUPERCONDUCTING PAIRINGS
We next investigate the case dy 6= 0. We first assume that
it is real as well as dx. Then, the system belongs to the class
BDI, and the system is characterized by the Z index. We show
the energy spectrum in Fig. 4.
FIG. 4: (Color online) Energy spectra of N = 4, 5 ladder with dy =
0.3ty . The energy unit is tx, and we have taken µ = 0.7, dx = 0.5.
Note that both dx and dy are real. The number of zero-energy states
decreases by two at every topological phase transition with the gap
closing of the bulk states, because each zero-energy state per chain
doubly degenerates due to the two endpoints of the chain. In the
strong coupling limit ty → ∞, there is no (one) MZES per each
edge in case of N = 4(5). We have set L = 64.
We proceed to investigate the effects of complex interchain
superconducting pairings (Imdy 6= 0). The Hamiltonian no
longer satisfies the time-reversal symmetry (8). The topolog-
ical class of the Hamiltonian changes to the class D, and the
topological number is the Z2 index. The system allows only
the two cases, whether or not a pair of Majorana fermions ex-
ist.
We show the energy spectrum as a function of ty in the
presence of dy (Fig. 5). The behavior of the MZES drasti-
cally changes from the system with dy = 0 to the one with
Imdy 6= 0. When we change the phase of dy and the class
changes from BDI to D, the number of MZES reduces from
even (odd) number to zero (one). This is due to the inter-
ference of MZES pairs due to the interchain superconducting
pairings. Then, only one MZES pair can exist, which implies
that the topological number is the Z2 index. The number of
MZES pairs is given by mod2N .
The Z2 index is obtained by the sign of the Pfaffian at
the time-reversal-invariant momenta k = 0 and pi. At these
points, since dx disappears from ∆ defined by (4), it is conve-
nient to make a phase transformation c 7→ eiθ/2c, so that dy
becomes real. Then, the Majorana represented Hamiltonian at
these points is given by (12), i.e.,
U †HU = i
(
0 v±
−vT± 0
)
(25)
5FIG. 5: (Color online) Energy spectra of N = 4, 5 ladder with
|dy | < ty. The energy unit is tx, and we have taken µ = 0.7,
dx = 0.5, and dy = 0.3ity . Each subgap state doubly degenerates.
With Imdy 6= 0, MZES disappear in the parameter region where
there are even MZES for dy = 0, while two MZES remain in the pa-
rameter region where there are odd MZES for dy = 0. In the strong
coupling limit ty → ∞, there is no (one) MZES per each edge in
case of N = 4(5). We have set L = 64.
but now with
v± = (ξ± −∆)
= (−µ± 2tx) δi,j − (ty + |dy|) δi,j+1 − (ty − |dy|) δi+1,j ,
(26)
where ξ− = ξ(0) = −µ− 2tx and ξ+ = ξ(pi) = −µ+ 2tx.
The Pfaffian is simply given by
Pf
(
0 vα
−vTα 0
)
= ±detvα, (27)
with α = ±, since there are no diagonal elements. Then
Z2-invariant is the sign of the product of the Pfaffians in Eq.
(27), i.e., detv+detv−. We note that when dy is real, the
Z2-invariant is the parity of the Z-invariant. The topological
phase boundaries are determined by detv = 0 as before.
We obtain the recursion relation of the characteristic poly-
nomial fN = detv as
fN+2 = (−µ± 2tx) fN+1 −
(
t2y − |dy|2
)
fN . (28)
This relation is obtained by replacing t2y to t2y − |dy|2 in (22).
Then, the condition fN = 0 yields
µ− 2
√
t2y − |dy|2 cos
npi
N + 1
= ±2tx, (29)
FIG. 6: (Color online) Energy spectra of N = 4, 5 ladder with
|dy| > ty . The energy unit is tx, and we have taken µ = 0.7,
dx = 0.5, and dy = 0.3ity . Each sub-gap state doubly degenerates.
When N = 4(5), the system is always trivial (topological). We have
set L = 64.
which is nothing but (17) with the replacement of t by t′y =√
t2y − |dy|2. The phase diagram depends on only |dy|.
We obtain the phase diagram as follows. When |ty| > |dy|,
it is simply given by Fig. 2 with the understanding that the
horizontal axis is t′y . Recall that the energy spectrum as a
function of ty is given by Fig. 5. On the other hand, when
|dy| > ty , t′y becomes pure imaginary, and the phase diagram
becomes very simple: When N is odd, the gap closing condi-
tion is given only by µ = ±2tx. When N is even, on the other
hand, the system is trivial in the whole range. The energy
spectrum as a function of ty is now given by Fig. 6.
V. ENERGY SPECTRUM AS A FUNCTION OF THE
SUPERCONDUCTING PHASE DIFFERENCE
It is interesting to investigate how the energy spectrum
changes during the topological class change between the BDI
class and the D class. Therefore, we show the energy spec-
trum as a function of θ defined by dy = |dy|eiθ in Fig. 7. One
can clearly see the MZES is clearly seen in the bulk band gap.
Here, we derive the sin θ dependence of the subgap levels. In
the Kitaev model, if we define the Majorana operators as in
Eq. (10), the zero-energy Majorana fermion on the left (right)
edge contains only γA (γB) as in Kitaev’s original paper11.
Therefore, at low energy, the dy term in our Hamiltonian is
6FIG. 7: (Color online) Energy spectrum as a function of the super-
conducting pairing phase θ. The energy unit is tx, and we have taken
µ = 0, dx = 0.5, ty = 0.5, dy = 0.25, and L = 64. There are four
MZES in the case of N = 4, which are proportional to sin θ.
reduced to
|dy |eiθc†i,jc†i,j+1 + H.c.
= − i|dy|
2
cos θ
(
γAi,jγ
B
i,j+1 + γ
B
i,jγ
A
i,j+1
)
− i|dy|
2
sin θ
(
γAi,jγ
A
i,j+1 − γBi,jγBi,j+1
) (30)
≈
{
− i|dy|2 sin θγAi,jγAi,j+1 (i ∈ left half)
+
i|dy|
2 sin θγ
B
i,jγ
B
i,j+1 (i ∈ right half)
. (31)
Namely, the Majorana fermions at chain j and j + 1 are cou-
pled by the imaginary part of the interchain pairing, and this
causes the sin θ dependence of the energy:
E ∝ |dy| sin θ. (32)
In other words, breaking of the time-reversal symmetry by the
imaginary part of the interchain coupling corresponds to the
creation of the coupling between Majorana fermions. By nu-
merically diagonalizing the Hamiltonian (1), we obtain the en-
ergy spectrum as a function of θ for dx/tx = 0.5 as shown in
Fig. 7. The subgap levels are in good agreement with the sinu-
soidal behavior. We have thus discussed the sin θ dependence
of the subgap levels. An effective Hamiltonian on the subgap
states will be derived in a manner similar to that in Ref.15.
We note that the topological class change without gap-closing
occurs when we change θ32.
VI. TRANSPORT PROPERTY
It is well known33,34 that the local Andreev reflection rate
at zero bias is 1 in the presence of a Majorana fermion, while
the zero-energy Majorana bound state gives the differential
conductance 2e2/h. We have calculated the differential con-
ductance of the NS junction (Fig. 1), following Refs.35–40. By
employing the recursive Green’s function method, we obtain
the surface Green’s function41–43 of the semi-infinite Kitaev
ladder numerically. In the Matsumoto-Shiba formalism42, we
express the semi-infinite wire by the delta-function potential
with infinite strength. Then, the Green’s function of the semi-
infinite wire Gi,i′ is given by
Gi,i′ = G
0
i,i′ −G0i,0
(
G00,0
)−1
G00,i′ , (33)
where G0i,i′ is the bulk Green’s function. The bulk Green’s
function is given analytically in k-space. Then the real-space
representation is obtained by performing Fourier transforma-
tion numerically:
G0i,i′ =
1
2pi
∫
dkeik(i−i
′)G0(k). (34)
On the other hand, the surface Green’s function of the semi-
infinite normal lead can be given analytically:
gm,n(E) =


A(k)
(
EJ − i
√
(2t)2 − E2J
)
(|EJ | < 2t)
A(k)
(
EJ +
√
E2J − (2t)2
)
(EJ < −2t)
A(k)
(
EJ −
√
E2J − (2t)2
)
(EJ > 2t)
,
(35)
where m and n are the chain labels; A(k) =
2
N+1
1
2t2
∑
k sin(mka) sin(nka); and EJ = E + µ −
2ty cos ka, where t(> 0) and µ are the hopping and the
chemical potentials of the leads.
Then, we construct the Green’s function of the whole sys-
tem by the recursion relations. Expressing the Green’s func-
tion of the left(right) semi-infinite wire as GL(GR) and the
Green’s function of the whole system as G, we obtain
G−1L,i,i = g
−1
i −Hi,i−1GL,i−1,i−1Hi−1,i, (36)
G−1R,i,i = g
−1
i −Hi,i+1GR,i+1,i+1Hi+1,i, (37)
G−1i,i = g
−1
i −Hi,i−1GL,i−1,i−1Hi−1,i
−Hi,i+1GR,i+1,i+1Hi+1,i, (38)
Gi,i+1 = Gi,iHi,i+1GR,i+1,i+1, (39)
Gi+1,i = Gi+1,i+1Hi+1,iGL,i,i, (40)
g−1i = E −Hi, (41)
whereE is the energy,Hi is the on-site Hamiltonian, andHi,i′
is the hopping between sites i, i′. On the other hand, we obtain
the retarded Green’s function GR by replacing E with E+ iε,
where ε is an infinitesimal positive number.
Next, we calculate the differential conductance by the Lee-
Fisher formula35,37:
G =
2e2
h
Tr [ Pe (G′′i,i+1G′′i,i+1 +G′′i+1,iG′′i+1,i
−G′′i,iG′′i+1,i+1 −G′′i+1,i+1G′′i,i ) ] , (42)
where G′′i,i′ = ImGRi,i′ , Pe is the projection operator onto the
particle subspace. We choose an arbitrary i in the normal re-
gion due to current conservation.
The results for the differential conductance G at zero en-
ergy are illustrated in Figs.8 and 9. We have investigated the
7FIG. 8: (Color online) Differential conductance of the NS junction in
units of 2e2/h with real dy when N = 4, 5. The system belongs to
the class BDI. The energy unit is tx, and we have taken dx = 0.5 and
dy = 0.3ty . White lines are topological phase boundaries in Fig. 2.
cases with real dy (class BDI) and with imaginary dy (class
D). In both of the classes BDI and D, the figures of the con-
ductance strongly resemble the phase diagrams (Fig. 2). The
bright regions where the differential conductance is quantized
correspond to the topological regions. This means that the
local Andreev reflection rate is 1 with each MZES. It agrees
with the previous study33,44,45 that the Majorana fermion in-
duces the resonant Andreev reflection.
We have calculated the differential conductance as a func-
tion of the superconducting pairing phase θ and the energy of
injected electrons, which we show in Fig. 10. The behavior
reflects the behavior of the energy spectrum given in Fig. 7.
Moreover, the differential conductance per mode is quantized
to 2e2/h when θ = 0, pi. This is because of the resonant An-
dreev reflection induced by Majorana fermions. Furthermore,
the peak decays rapidly when the phase is switched on and
there are no Majorana fermions.
We have also calculated the crossed Andreev reflection rate
in the NSN junction, where the two Majorana fermions cou-
ple. The coupling strength between Majorana fermions at two
edges is on the order of exp(−L/ξ), where ξ is the super-
conducting coherence length. When ξ ≪ L, since there are
no overlaps between the MZES localized at the right and left
edges, the crossed Andreev reflection rate is quite small. On
the other hand, when ξ > L, there are some overlaps between
the MZES localized at the right and left edges, and the crossed
Andreev reflection rate remains finite.
FIG. 9: (Color online) Differential conductance of the NS junction
in units of 2e2/h with imaginary dy when N = 4, 5. The system
belongs to the class D. The energy unit is tx, and we have taken dx =
0.5 and dy = 0.3ity . White lines are topological phase boundaries
in Fig. 2.
FIG. 10: (Color online) Differential conductance of the NS junction
in units of 2e2/h as a function of the superconducting pairing phase
θ and the energy. The energy unit is tx, and we have taken µ = 0,
dx = 0.5, ty = 0.5, and dy = 0.25. There are four MZES in the
case of N = 4.
VII. CONCLUSION AND DISCUSSION
Motivated by the InSb nanowire superconductor system, we
have investigated Kitaev-ladder topological superconductors
based on the effective Hamiltonian (1). Especially, we have
revealed the topological phase transition by changing the su-
perconducting pairing phase difference between the x and y
directions (i.e., the phase of dy/dx). This is the problem not
addressed in the previous studies12–21 on the p+ ip-wave pair-
8ing system. We have found that the pairing phase plays a cru-
cial role to determine the topological class. If the phase is
0 or pi, the system belongs to the class BDI with n MZES
(n = 0, 1, 2, ...); otherwise it belongs to the class D with n
MZES (n = 0, 1). The phase gradient of the bulk supercon-
ductor may be controlled by forming the SQUID configura-
tion. The proximity-induced pairing in the wires also gets a
phase gradient, yielding an imaginary part to dy , and the class
changes to D. This topological class change can be observed
by differential conductance measurement. We note that our
system is mapped to the Kitaev-spin-ladder system47,48 in the
case of dy = 0. It may be possible that our model is realized
by using ultra-cold atomic systems49.
Note added in proof. We became aware of the nice papers
on a similar system50–52
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